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THE ONE-DIMENSIONAL HEAT EQUATION IN THE 
ALEXIEWICZ NORM 


ERIK TALVILA 


Abstract. A distribution on the real line has a continuous primitive inte¬ 
gral if it is the distributional derivative of a function that is continuous on 
the extended real line. The space of distributions integrable in this sense is 
a Banach space that includes all functions integrable in the Lebesgue and 
Henstock-Kurzweil senses. The one-dimensional heat equation is considered 
with initial data that is integrable in the sense of the continuous primitive 
integral. Let Qt(x) = exp(— x 2 / (4t)) / y/Mri be the heat kernel. With initial 
data / that is the distributional derivative of a continuous function, it is shown 
that ut{x) := u(x,t) := / * O t (x) is a classical solution of the heat equation 
un = U 2 - The estimate ||/ * 0 t ||oo < ll/ll/V^ holds. The Alexiewicz norm 
is ||/|| = sup/ | fj /|, the supremum taken over all intervals. The initial data 
is taken on in the Alexiewicz norm, ||ut — /|| — > 0 as t —► 0 + . The solution 
of the heat equation is unique under the assumptions that ||itt|| is bounded 
and Ut —y f in the Alexiewicz norm for some integrable /. The heat equation 
is also considered with initial data that is the nth derivative of a continuous 
function and in weighted spaces such that f_ f(x) exp (—ax 2 ) dx exists for 
some a > 0. Similar results are obtained. 


1. Introduction 


The one-dimensional heat equation is the canonical parabolic partial differen¬ 
tial equation of second order. For simple geometries solutions can be represented 
explicitly as series or integrals. It is well-known that with heat conduction on 
an infinite rod the solution is given by a convolution of initial data with the heat 
kernel. The classical problem is: 



(1.1) 

( 1 . 2 ) 


Ut — u xx = 0 for (x, t) G M x (0, oo). 


The Gauss-Weierstrass heat kernel is Q t {x) = Q(x,t) = (47r|i|) x / 2 e x2 /( 4 d (de¬ 
fined for t ^ 0). The solution of (1.1)-(1.2) is then given by the convolution of 


Date: Preprint January 16, 2015. To appear in Advances in Pure and Applied Mathematics. 
1991 Mathematics Subject Classification. Primary 35K05, 46F05. Secondary 26A39, 46F10, 


46G12. 


Key words and phrases, heat equation, continuous primitive integral, Henstock-Kurzweil 
integral, Schwartz distribution, generalised function, Alexiewicz norm, partial differential equa¬ 
tion, convolution, Banach space. 

Written while visiting the Department of Mathematics, University of Arizona. Thank you 
for the generous hospitality. 


1 



2 


ERIK TALVILA 


initial data / with the heat kernel 

/ OO POO 

/(z-Oe t (£K= / fmt(x-Odt 

-OO j — OO 

There are various ways to impose initial conditions. If / is bounded and 
continuous on R then f*Q t (x) is continuous on Rx [0, oo) and ||/*@ t — ,f\\oo 0 
as t —> 0 + . If / e L p ( R) for some 1 < p < oo then ||/ * Q t — f\\ p —> 0 as t —> 0 + . 
For example, see [5], [29], [14]. 

In this paper we allow the integral in (1.3) to exist as a continuous primitive 
integral. This integration process includes the Lebesgue and Henstock-Kurzweil 
integrals with respect to Lebesgue measure. An attractive feature of this integral 
is that the space of integrablc distributions is a Banach space isometrically iso¬ 
morphic to the continuous functions on the extended real line that vanish at — oo. 
These distributions tend to behave much more like L p functions than arbitrary 
distributions and many properties typical of functions hold in these spaces, such 
as integration by parts, continuity in norm, Holder inequality, etc. Whereas re¬ 
sults involving arbitrary distributions hold weakly, here we have results holding 
in the strong (norm) sense. 

The main idea behind the continuous primitive integral is to define a class of 
continuous functions (the primitives) that is a Banach space under a uniform 
or weighted uniform norm. The integrablc distributions are then defined to be 
the distributional derivatives of the primitives. Integration is defined via the 
fundamental theorem of calculus: If F is a continuous function on R then its 
distributional derivative F' is integrable and f a F' = F(b) — F(a) for all a, b e R. 
The space of integrable distributions is a Banach space isometrically isomorphic 
to the space of primitives. See the following section for more detail. 

We define three classes of integrable distributions. First, primitives are the 
continuous functions on the extended real line, vanishing at — oo (Section 3). 
This integral then includes the Lebesgue and Henstock-Kurzweil integrals with 
respect to Lebesgue measure. The formula j'’ F' = F(b) — F(a) continues to 
hold when F is continuous, even if the pointwise derivative vanishes almost 
everywhere or fails to exist at any point. Secondly, we take higher derivatives of 
such primitives (Section 4). This includes functions with algebraic singularities 
of order {x — x 0 ) _a at any point x Q G R, for all exponents a > 0. Finally, we 
use primitives such that the weighted integral f(x) exp (—ax 2 ) dx exists for 

some a > 0 (Section 5). This includes the L p spaces with respect to Lebesgue 
measure and weights exp (—ax 2 ) (a > 0). 

For each of these cases we prove theorems of the following type, the respective 
norm shown generically as 11-11. For / integrable in one of the three above senses: 
/ * © t (x) is separately analytic in x and t; is a classical solution of the heat 
equation (1.1)-(1.2); satisfies an inequality ||/*© t || < Ct||/|| for a sharp constant 
C t . The initial data is taken on in the sense that if u t {x) = f * 0 t(x) then 

(1.4) |K - /|K 0 as t ->• 0 + . 

A uniqueness theorem is proved under (1.1)-(1.2) with the only additional as¬ 
sumptions 11u t || is bounded and K — /II ~^ 0 as t —>• 0 + for some integrablc 
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distribution / (Section 6). Pointwise and norm estimates are given for f * (~) f 
and its derivatives. 

An extensive bibliography on classical results appears in [5]. See also [29]. 
For initial data in L p spaces see [13] and [14], The heat equation is consid¬ 
ered in weighted spaces of signed measures in [27]. Distributional solutions are 
studied in [6] and [20]. These last two works consider tempered distributions, 
for which Fourier transform methods apply. The initial data is taken on in the 
distributional (weak) sense. An important feature of our results is that all of the 
distributions we consider (some tempered, some not tempered) are in Banach 
spaces and the initial data is taken on in the strong (norm) sense. 

2. The continuous primitive integral 

The notation we use for distributions is standard. The test functions are 
X>(R) = C£°(R). Distributions are denoted X?'(R). We will usually denote dis¬ 
tributional derivatives by F' and pointwise derivatives by F'(t). If / is a locally 
integrable function in the Lebesgue or Henstock-Kurzwcil sense we identify / 
with its distribution Tf defined by (Tf, 0} = f ^ f(x)4>(x) dx for 0 G D(R). The 
results on distributions we use can be found in [9] or [8]. 

Denote the extended real line by R = [—00,00]. We define C(R) to be 
the continuous functions F such that F( 00) = lim^oo F(x) and F(— 00 ) = 
linLj._j._oo F(x) both exist as real numbers. The space of primitives for the con¬ 
tinuous primitive integral is B c = {F G C(R) | F(— 00 ) = 0}. Note that since 
F(— 00 ) = 0, B c is a Banach space under the norm ||F 1 || / 00 = sup x<y \F(x) —F(y) |. 
Let A c = {f £ X>'(R) | f — F' for some F G B c }. We have made the ar¬ 
bitrary but convenient choice of making primitives vanish at — 00 . A conse¬ 
quence is that if / G *4. c then it has a unique primitive F G B c . Otherwise, 
the primitives of / would differ by a constant. The integral is then defined 
J^ f = F(b) — F(a) for all a, b G R. Hence, a distribution / has a continuous 
primitive integral if it is the distributional derivative of a function F G B c . i.e., 
for all 0 G £>(R) we have (/, 0) = (F',0) = — (F, 0') = — F(x)4>'(x) dx. 

Since F and 0' are continuous and 0' has compact support, the integral defining 
the derivative exists as a Riemann integral. The Alexiewicz norm of / G A c 
is ll/ll := sup T<2/ |/J /1 = sup x<y \F(x) - F(y)\ := where F G B c is the 

primitive of /. Note that A c is a Banach space isometrically isomorphic to B c . 
We get an equivalent norm when we £x x = — 00 . Then ||/||' := UFll^ and 
this makes A c into a Banach space that is isometrically isomorphic to B c with 
the uniform norm. For F G B c , U-FUoo < ||F 1 || , 00 < 2HFHOQ. However, the form 
of Alexiewicz norm we are using is somewhat more convenient. Note that L 1 
and the spaces of Henstock-Kurzweil and wide Denjoy integrable functions are 
contained in A c since these spaces all have primitives that are continuous [10]. 
(They are in fact dense subspaces of A c .) The function f(x) = x~ 2 sin(x -3 ) is 
not in L] oc but is in A c , as can be seen via integration by parts. If F G C(R) and 
singular (F'(x) = 0 for almost all x G R) then the Lebesgue integral of F' exists 
and is f E F'(x ) dx = 0 for each measurable set E. But F' G A c with continuous 
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primitive integral F' = F(b ) — F (a). If F G C'(K) such that it has a pointwise 
derivative nowhere then the Lebesgue integral of F' is meaningless but F' G ^4 C 
with continuous primitive integral [') F' = F(b) — F(a). The Alexiewicz norm 
seems to first appear in [1], The continuous primitive integral has its genesis 
in the work of Mikusinksi and Ostaszewski [19]; Bongiorno and Panchapagesan 
[4]; Ang, Schmitt, Vy [2]; Baumer, Lumer and Neubrander [3]. For a detailed 
overview, see [22], 

If g : M —> M its variation is Vg = sup J2\d( x i) ~ diVi) I where the supremum is 
taken over all disjoint intervals (xi,y.i) C R. The functions of bounded variation 
are denoted BV . If g E BV then it has limits at infinity and we define g(±oo) = 
lini r _>_| z00 g(x). Functions of bounded variation form the multipliers for A c . If 
f E A c with primitive F G B c and g G BV then the integration by parts formula 
is 

/ oo poo 

fg = F(oo)g(oo) - / F(x) dg(x). 

■oo J —OO 

The last integral is a Henstock-Stieltjes integral. See, for example, [18]. When 
g is absolutely continuous the formula simplifies to the Lebesgue integral 

/ oo poo 

fg = F(oo)g(oo) - / F(x)g'(x) dx. 

-oo J —oo 

A type of Holder inequality for / G A c and g G BV is [21, Lemma 24] 

/ oo poo 

fg< f infill + Wf\\Vg < ll/ll (b(oo)| + Vg ). 

-OO J —OO 

A convergence theorem for the continuous primitive integral [22, Theorem 22]: 

Theorem 2.1. Let f G A c . Suppose {g n } C BV such that there is M G R so 
that for all n G N, Vg n < M. If g n -E g on M for a function g G BV then 
l im n->oo J_oo J9n = J_ ^ .J 9■ 

If / G A c and g G BV then the convolution / * g(x) = f(x — ff)g{ff) df is 
well-defined on M. The convolution is continuous and \\f * g\\oo < ll/ll(llfi , l|oo + 
Vg). Properties of the convolution are proven for the continuous primitive in¬ 
tegral in [23]. It is shown there by a limiting process that f * g also exists for 
g E L 1 and that ||/*s|| < \\f\\\\g\\i- 
Three facts about the heat kernel: 

(2.4) ll©f|| 1 = ||©f|| = 1, for t > 0 

(2.5) ©a * ©6 = ©a+6, provided 1/a + 1/b > 0; 

(2.6) ©a©6 = Qab/hH-fc) prov i t ] e d a ± 0, 6^0, a + b p 0. 

2i/7r |a + b\ l / z 

3. Initial data in the Alexiewicz space 

When f E A c the convolution u(x,t ) = f * O t (x) provides a smooth solution 
of (1.2). The initial conditions are taken on in the Alexiewicz norm (1.4). The 
estimates ||/=t=0 t || oo < \\f\\/(2^7rt) and ||/ * ©*|| < ||/|| are shown to be sharp. 
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Widder [29] has written solutions of the heat equation as Stieltjes integrals 
/ * 0 t (x) = Q t (x — £) dF(£) where F G BV is the primitive of /. Positive 
solutions of the heat equation are necessarily given by such an integral with F 
increasing [29, VIII.3]. Since B c contains primitives that are not of bounded 
variation, solutions considered in Theorem 3.1 below need not be the difference 
of two positive functions. When F is not absolutely continuous, solutions can be 
singular at each x G R as t —> 0+ [29, XIV.8]. This corresponds to distributions 
/ which have no pointwise values. 

Theorem 3.1. Let f G A c . Let the primitive of f be F G B c . 

(a) The integrals f * 0 t (x) — 0 t * f(x) = F * B' t (x) — [F * 0 t ]'(x) exist for 
each igK and t > 0. 

(b) f * O t (x) is C°° for (x, t) G R x (0, oo). 

(c) The estimate \\f * ©t||oo < ll/||/(2v / rt) is sharp in the sense that the 
coefficient of ||/|| cannot be reduced. 

(d) Define the linear operator : A c —> C(R) by $*(/) = / * 0 t . Then 

||$t|| = 1/(2 yfirt). 

(e) limia-i^oo / * O t (x) = 0. 

(f) For eacht > 0, f*©t G A c and the inequality ||/*0 t || < ||/|| is sharp in 
the sense that the coefficient of ||/|| cannot be reduced. Define the linear 
operator ^t-A c —* A c by \1> t (/) = f *© t . Then ||\& t || = 1. 

(g) Let u(x,t ) = f * ©fix) then u is a solution of (1.1)-(1.2) and (1.4). 

(h) For each t > 0 we have ffifi f * © t = fffi f. 

(i) f * ©t need not be in any of the L p spaces (l < p < oo). 

(j) For each t > 0, f *9 t (x) is real analytic as a function of x G R. For each 
iGK, f * 0 t (x) is real analytic as a function of t > 0. 

Proof, (a) The multipliers for A c are the functions of bounded variation. See 
[22], For each igK and t > 0 we have V^ e K0 t (a; — £) = \f\pKt so f*Q t (x) exists 
for each igR and t > 0. The convolution is commutative since we can change 
variables, £ H > x — f [22, Theorem 11]. Integration by parts (2.2) establishes the 
other equalities, except the last which follows by Taylor’s theorem. 

(b) By [23, Theorem 4.1] we can differentiate under the integral sign and this 
shows f *© is C°° in R x (0, oo). 

(c) The heat kernel £ i —> ©fix — £) is monotonic on the intervals (—oo, x] and 
[a;, oo). By the second mean value theorem for integrals [22, Theorem 26] there 
are X\ < x < x 2 such that 

/ X\ f*X PX2 POO 

f + ©t( 0) / / + 0 t (0) / f + ©t(~ OO) / / 

-OO Jx 1 Jx j X2 



It now follows that \\f * 0t||oo < \\f ^/fily/wt). Let s > 0 and / = 0. s . Then 
||/|| = 1 and ||© s * ©t||oo = ||©s+t||oo = 1/[2a/ vt(s + t)]. Letting s 0 shows the 
estimate is sharp. 
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(d) The operator norm is given by ||$ t || = sup||^|| =1 ||/* @t||oo < l/(2\/vrt), by 
(c). The example in (c) shows ||$ t || = 1/(2 y/wt). 

(e) By [23, Theorem 2.1], limi*^*, / * G t (x) = G t (oo) = 0. 

(f) The inequality II f * q || < ||/j|||g||i is proven for f G A c and q G L 1 in 
[23, Theorem 3.4(a)], This gives \\f * @ t || < ||/||||©t||i = ll/ll- And, ||4q|| = 
sup||j|| =1 ||/ * © t || < 1. We get equality by taking / = © s for s > 0. Then 
II^H > ||0 S * ©t|| = ||0 s+ t||i = 1. 

(g) By (b) we can differentiate under the integral sign. Since the heat kernel 
is a solution of the heat equation in M x (0, oo) so is f * 0. Continuity in the 
Alexiewicz norm gives (1.4). See [23, Theorem 3.4(e)]. 

(h) Let — oo < a < f3 < oo. Using the Fubini theorem in the Appendix to [23] 
and integrating by parts, we have 


f*Q t (x)dx = / /(O / 0/(.r — £) dx d£ 


l roo r-p-i 

27S 1-00 m L( e 


-U/(4t) 


2y/nt J 

i r 


2\fwt J c 


dx 

J £ 

r , ~ ., o ,,. „ 

m 


e -(/?-0 2 /(4i) _ e -(«-?) 2 /(4i) 


d{ 


Dominated convergence now allows us to take the limits a —» — oo and f3 —> oo 
under the integral to get f//° f *Q t — J]//. /• Notice that there are no improper 
integrals so the a and /3 limits give existence of the continuous primitive integral. 
See Hake’s theorem [22, Theorem 25]. 

(i) Let s > 0, a n = 1/ log(n + 1) and b n = 2 n 2 y/s + 1. Define f(x) = 
X)(—1 ) n a n G s {x—b n ). If we have |a;| < A for a real number A then 2^/tls a n Q s (x— 
b n ) < exp(— (b n — A) 2 /{As)) for large enough n. The Weierstrass M- test then 
shows the series defining / converges uniformly on compact sets and / G C/M). 
Let F(x) = /. To prove / G A c show F G B c . Clearly, F{—oo) = 

lim a; _j._ 00 F{x) = 0. And, F{ oo) = ^^ =i (—l) n a n . Since / is continuous, we 
just need to show linx^oo F(x) = F{ oo). Note that 


|e(i)-e(oo)| 


^ poo 

X)(-i)”«»/ 

n= 1 Jx 


b n ) dy 


5>l) B a»erfc 

n= 1 v v 


X — b r 


where the complementary error function is erfc(x) = J/°° e y2 dy. Suppose 

b rn < x < b m+ 1 for some m >2. If n < m — 1 then x — b n > b m — b m - 1 = 
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2y/s + t (2m — 1) —>■ oo as m —>■ oo. And, 


(3.1) 


m— 1 


y^(-l) n g n erfc 


71=1 


X 


2yfs 


m— 1 


— E^ er ^ c 


71=1 


Vs + t (2m — 1) 


The complementary error function has asymptotic behaviour [11, 8.254] erf'c(x) ~ 
exp(— x 2 )/(^/ti x) as x —* oo. Since |^" -1 a n | < m/ log(2) we see that the term 
in (3.1) has limit 0 as m —> oo. And, summation by parts and telescoping give 


X:(-l) n anerfc 


X — b r 


OO / 71 


££(-»* 

n=m \k=m 

N 


< 2 sup 

N>m 






erfc 


x — b. 


n+1 


2^i 


erfc 


x — b r 
2 yfs 


k=m 


since 0 < erfc(x) < 2. This term has limit 0 as m —> oo. Hence, / G A c . 

The Fubini-Tonelli theorem shows we can interchange series and integral to 
get / * Ot(x) = J0(—l) n a n O s+t (x — b n ). Let m > 1 and suppose \x — b m \ < 
2y/s + t then Q s+t (x — b m ) > l/[2e+7r(s + t)]. Note that for each n > 1 we have 
b n+ 1 — b n = 2yfs + t (2 n + 1) > 2 Vs + t. The sequence @ s+t (a; — b n ) is increasing 
for b n < x. Since x > b rn — 2Vs + 1, this sequence is increasing for n 2 < m 2 — 1 
and hence for n < m. It is decreasing for n > m. The series alternates and 
a n Q s+t (x — b n ) is decreasing, so 


E (—l) n a n Q s+t (x - b n ) 

71=771+1 


Let 11a11 = sup^JEt^-l)"^ 
we get 


A ®m+l®s+t(+i+l (bm T 2\J s T t)) 


2e 4m2 \J tt(s + t ) 

Using summation by parts and telescoping, 


771—1 


(-1 )"»„(+.. t(.r - 6„) 


71=1 


< 


^ 771—1 


E ( _1 ) n «n @s+i+ - 6m-l) 


> 71=1 


771—2 / 71 


E E^ 1 ^ [Q«+i(® - ++i) - ®s+t(x 


| 71=1 \ k=l 

< 2||a||0 s+ t(6 m — 2-\/s + t — b m _i) 


211a,11 exp(—4(m — l) 2 ) 
2+7 t(s + t) 


< 


2e 2 +7r (s + t ) 


provided the inequality 

(3.2) 4(m — l) 2 > log [2||a||e 2 log(m + 1)] 
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is satisfied. Clearly we can take M > 2 large enough so that (3.2) holds for each 
m > M. Then 



(j) Since F is bounded it satisfies the growth condition \F(x)\ < C\ exp(C 2 |a;| 1+ ") 
(Ci > 0, C 2 G R, 0 < a < 1) which ensures F * Q t (x) is real analytic, separately 
ins G K and t > 0 [5, Theorem 10.2.1], [5, Theorem 10.3.1]. But then (F*Q t )' = 
f * Qt. is also analytic. □ 

Remark 3.2 (Theorem 3.1). Part (a) shows that f * Qt can be written as an 
improper Riemann integral. 

Many results continue to hold in the space Abuc '■= {/ = F' \ F e £w} where 
Bb uc are the functions in C(R) that are bounded and uniformly continuous. The 
multipliers for Ab uc are the functions of bounded variation that have limit 0 
at ±oo, which includes the heat kernel. The space A} mc is a subspace of the 
weighted spaces studied in Section 5 below. See Example 3.6(d). 

When / G L p for some 1 < p < oo the uniform estimate from the Holder 
inequality is 

f V( 2 -A)» P =1 

||/*©t||oo < Cp\\f\\ p r ll(2p) i Cp = < (47r) _1/(2p) [(p - l)/p] (p_1) / (2p) , 1 < p < oo 

[ 1, p= oo. 

For example, [13]. The condition for equality in the Holder inequality [17, 
p. 46] shows these estimates are sharp. When 1 < p < oo we can take / = Q^ p . 
When p = oo we can take / = 1. When p — 1 the condition is @ t (x) = 
dsgn[/(x)] for some del. This cannot be satisfied with any / e L 1 . Instead, 
we take for a delta sequence. Note that when / e L 1 we get the same estimate 
as for f E A c (Theorem 3.1(c)), with the Alexiewicz norm replaced with the L 1 
norm. 

Part (h) of Theorem 3.1 is given for / G L 1 in [7, p. 220]. 

Note that since /*©* is continuous the integral J^° f*Qt exists as a Henstock- 
Kurzweil integral and as an improper Riemann integral but from (i) \f * 
0t(x)| dx can diverge. 

Theorem 10.2.1 in [5] shows / * 0 t (x) is separately analytic in x e C and in 
a domain with bounded imaginary part of t. 

We have continuity with respect to initial conditions. 

Corollary 3.3. Suppose f,g e A c . 

(a) Then || f * Q t — g * ©*|| < \\f — g\\ for each t > 0. 
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(b) Let e > 0. Suppose «,o:Kx (0, oo) —* R such that ||tt(-, t) — f\\ —> 0 and 
||v(-,t) — g\\ —> 0 as t —> 0 + . If \\f — g\\ < e then for small enough t we 
have t) — v(-, t)|| < 2e. 

Proof. Part (a) follows from (f) and part (b) is a consequence of the triangle 
inequality. □ 

Note that in (b) u and v need not be solutions of the heat equation and need 
not be convolutions of the heat kernel with / or g. See [13] for corresponding 
results in L p spaces. 

Remark 3.4 (The regulated primitive integral and L p primitive integral). A re¬ 
lated integral is obtained by taking left continuous regulated functions as primi¬ 
tives. A function is regulated on R if it has left and right limits at each point of 
R and it is left continuous on R if it equals its left limit at each point of (—oo, oo] 
and it has a limit at — oo. If F is such a function then the regulated primitive in¬ 
tegral of F' is ff° F' = F{ oo). There are four types of integral on finite intervals: 

Jm / = f ’(&+)- n«-) = F{b+) - F(a), / M / = F(b+) - F(a+), / M / = 
F(b~) - F(a~) = F(b) - F(a), f (a t) f = F(b-) - F(a+) = F(b) - F(a+). The 
space of integrable distributions is a Banach space under the Alcxiewicz norm. 
This integral contains the continuous primitive integral. As well, all finite signed 
Borel measures are integrable. For example, the Dirac measure is the distribu¬ 
tional derivative of the Heaviside step function H = X(o,oo] • The regulated prim¬ 
itive integral is discussed in [24], While many of the properties proven in Theo¬ 
rem 3.1 continue to hold, a key difference between the two integrals is that, for 
the regulated primitive integral, translation is not continuous in the Alexiewicz 
norm. A consequence of this is that / * © t need not converge to / as t —)■ 0 + . 
For example, 6 * Q t {x ) = ©j(x) and ||5 * @ t — <5|| > | f (Q — S)\ = 1/2 0 as 

t —> 0 + . For this reason, we do not consider the regulated primitive integral in 
this paper. In Section 4 we define higher order Alexiewicz spaces which contain 
some linear combinations of translated Dirac distributions. In all these spaces 
we get convolutions with the initial data converging to the initial data in the 
appropriate norm. 

We do have continuity in the L p norms for 1 < p < oo. Distributions that 
are the distributional derivative of an L p function are considered in [26]. When 
these are convolved with the heat kernel they give solutions that take on initial 
conditions in spaces of distributions that are isometrically isomorphic to L p . 

When / is locally a continuous function, f *Q t (x) converges pointwise to f(x) 
as t —» 0 + . 

Theorem 3.5. Suppose f G A c with primitive F e B c such that F\j e C l [I) 
for some open interval I C R. Define u:lx [0, oo) —* R by 

( f*Q t {x), (x, t) e R x (0, oo) 
u(x,t) = < f(x ), (x,t)G/x{0} 

[ 0, (x,t) e (R\/) X {0}. 

Then u is continuous on [R x (0, oo)] U [I x {0}]. 
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Proof. Continuity of u on R x (0, oo) is proved in Theorem 3.1(b). Let xq G 7. 
Given e > 0 there exists 5 > 0 such that (x Q — 25, xq + 25) C 7 and if \x — x 0 | < 2 5 
then | f{x) — f(x 0 ) \ < e. For (x,t) G (x 0 — <5, x 0 + 5) x (0, oo) we have 


I f*O t (x) - f(x 0 )| 


— OO 

< Ii + J 2 + 7 3 , 


Odf~f(x 0 ) / <~> t (x-£)df 


where 

h = 

h = 

< 

< 

h = 

< 


rxo+2 5 


' xq—25 


[/(£) ^ f{xo)]®t{x - 0 df 


<e Q t fx - f) df = e, 


{f / ^eK[©t(^ OX(io+2<5,oo) (0] "h L^gR[@t(x 0x(-oo,*o-2«)(0]} 

211/11 [e t ( 5 ) + e t (-«)] 


®o|>2<5 


f(£)®t(x - 0 df 


l/(®o)| 

l/(®o)| 


/ Q t (x-f)df 

|f-a;o|>2<5 
r -S/(2y/t) 

e~ s ds + 


e s ds . 


7T 


' S/(2pt) 


The estimate for J 2 comes from the Holder inequality (2.3). Letting t —» 0 + 
shows 1-2 —> 0 and 73 —> 0. □ 


Examples 3.6. (a) L l , the spaces of Henstock-Kurzweil integrable functions 
and wide Denjoy integrable functions are all (non-closed) subspaces of A c . In 
each case, / * ©t(x) agrees with its traditional value and its value in A c . 

(b) Let V G B c be a singular function, i.e., the pointwise derivative V'{x) = 0 
for almost all x. Then V'{x) G L 1 and the Lebesgue integral gives V' *© t (x) = 0 
for each igR. This gives the zero solution of the heat equation with zero initial 
condition taken on in the L 1 norm. As an integral in A c we get V' * @ t (x) = 
1 /» e;(x) = r V((m x — £) df. This last exists as an improper Riemann 
integral and gives a nontrivial solution of the heat equation, initial values being 
taken on in the Alexiewicz norm. 

(c) Suppose / G A c has compact support in the interval [A, B}. Let x > 
max(7?, 0). Then /* Q t (x) = 1/(2^) ff f(£) exp(-(^ - x) 2 /(4t)) df. By 
Holder’s inequality (2.3), 





e -(x-A)V(44) + 4i) 


Hence, for fixed t > 0, f * ©t(x) = 0(exp(—(x — B) 2 /(4t)) as x —> 00 . 

(d) Suppose f — F' where F is bounded and uniformly continuous on R (but 
not necessarily on R). We can define ||/|| = sup r \ f f f |, provided the supremum is 
taken over bounded intervals 7 C R. The estimates in (c) and (f) of Theorem 3.1 
then continue to hold, even though / need not be in A c ■ For example, let 
f(x) = sin(sx) for s > 0. A routine calculation (also see Example 5.4(c) below) 
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gives the separated solution u(x,t ) = f * ©t(%) = sin(sx) exp(—s 2 t). Note 
that f A c but ll/ll = (1/s) fjsin(x)dx = 2/s. And, ||wt||oo = exp(— s 2 t). 
A calculation gives 2y/irt ||wt||oo/||/|| = sv / rtexp(— s 2 t) < \J vr/(2e) < 1, in 
accordance with (c) of Theorem 3.1. And, ||u t || = exp(—s 2 f)||/|| < ||/||, in 
accordance with (f) of Theorem 3.1. As well, ||w t — f\\ = (1 —exp(—s 2 f))||/|| —>■ 0 
as t —> 0 + . 

(e) Let f(x) = exp [ix 2 /(4s)) for s > 0. Then / is bounded and continuous 
but not in the L p spaces (1 < p < oo). And, / is improper Riemann integrable 
so / G A c - Completing the square gives 



Due to Cauchy’s theorem, the contour can be shifted in the complex plane from £ 
real to X m(£) = stx/ (s 2 + t 2 ). The integral JV/. e~ a ^ 2 d£ = y/irfa for Tie (a) > 0 
then gives 


(3.3) 


f*@t(x) 


t 2 isx 2 

e 4 (»' 2 + t ‘ 2 ) e *(s' 2 +t 2 ) s + it 
\/s 2 T t' 2 


It is readily seen that lim t ^ 0 + / * O t (x) = f(x) at each point x E M (cf. The¬ 
orem 3.5). Differentiating / and /' * (~) t with respect to s gives an example for 
which the initial data is not in A c . See Example 5.4(e) below. 

Note that for fixed s, t > 0 there is a positive constant c such that / * © t (x) = 
0(e~ cx ) as |x| —>■ oo. The next example shows that / * © t (x) can tend to 0 
more slowly (cf. Theorem 3.1(e)). 

(f) Suppose a decay rate u : (0, oo) —» (0, oo) is given and lim^oo u{x) = 0. 
We will show there is / G L v for each 1 < p < oo such that / * ©t(x) ^ 
o{uj{x)) as x —> oo. We can assume u is decreasing; otherwise replace u with 
u(x) = sup t>x uj{t). Let f(x) = J2^=i n ~ 2 ©s(x — b n ) where s > 0 and {b n } 
is an increasing sequence with limit oo. Then / G L p . And, / * 0 t (b m ) > 
mr 2 © s+t { 0) = [2m 2 A/vr(s +1)] -1 . Let b n = t a -1 (n -2 ). Then b n t oo. And, 


/ * Qt(b m ) 

uj{b m ) 


> 


1 

2a/7t(s + f) 


t40 


as m —>■ oo. 


We say / e A c has an absolutely convergent integral if / has a primitive 

F eBV n B c . 


Proposition 3.7. (a) Let f £ A c with primitive F e BV fl B c . Then V(f * 

G t ) < VFVQ t = VF/yJVt. 

(b) Let f G A c with compact support in [A,B\. Then 


V(f*G t ) < 


IT 


1 

Vt 


(B-A)V 2 

Vet 
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(c) If f E L 1 then V(f * Q t ) < H/Hi/V^rt- 

(d) Let f E A c and let u(x,t) = u t (x) = f * O t (x). For t > 0 the pointwise 
derivatives have estimates ||r4|| < ||/||V0 t = ||/||/-\/7rt, \\du(-,t)fdt\\ = 

IK'll < \\f\\v&, = \\f\\V 2 /(V^t), iKii^ < ||/||vej = \\f\\V 2 /(V^t), 
l|9u(-,*)/5i|U = IK'IU < \\f\\V&'! = 11/11(1 + ie-^)/(2^i^). 


Proof, (a) Let (x^yf) be a sequence of disjoint intervals. Integrating by parts 
and using the Fubini Tonedi theorem 

/ OO 

e',K) [f ta - £) - F(y, -/)]<;/ 

-oo 


< 




< VQtVF. 


Taking the supremum over all such intervals gives the first result, (b) Let the 
primitive of / be F. Then F — 0 on (—oo,A] and F = F(B) on [B, oo). 
Integrate by parts and use the Fubini-Tonelli theorem in [23] to get 


v{f*e t ) = 


\(f *®t)'(x)\dx 


' —OO 
/‘OO 


rB 


IA 


F(B)e',(x - B) 

< |c(B)|/(VH) + (B-yi)||c||core; 

1 (B-A)y/2 

\ft \fet 


F(£)®" t {x-t)dt 


dx 


< 


n 


(c) This follows since if / G L 1 then it has a primitive that is absolutely 
continuous and of bounded variation, (d) The heat kernel is smooth so we 
can differentiate pointwise [23, Corollary 4.5] to get du(x,t)/dx = u' t (x) = 
/ * @J(x), d 2 u(x,t)/dx 2 = u"(x) = du(x,t)/dt = f * 0"(x). A calculation 
shows VQ' t = 40j(— y/2t) = V2/(V^t) and V 0" = 4©'/(y/6t) — 20"(O) = (1 + 
4 e^ 3//2 )/( 2 v / 7 rt 3 / 2 ). The result then follows from the estimates ||/*g'|| < ||/||||^||i 
([23, Theorem 3.4]) and the Hdlcler inequality (2.3). □ 


4. Higher order Alexiewicz spaces 

For each n E N the set of distributions that are the nth derivative of a function 
in B c is a Banach space isometrically isomorphic to B c . A distributional integral 
is defined, the multipliers being functions that are n-fold iterated integrals of 
functions of bounded variation. Properties analogous to Theorem 3.1 hold for 
these higher order distributions. First we briefly introduce the higher order 
distributional integrals. More details can be found in [25]. Our presentation 
is simplified since we take primitives to be continuous rather than regulated 
functions, c.f. Remark 3.4. 
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If F, G E B c and satisfy the distributional differential equation F^ = G^ 
then F and G differ by a polynomial of degree at most n — 1. But the only 
polynomial in B c is the zero function so F = G. This shows that according to 
the following definition the primitive of a distribution in A”' is unique. 

Definition 4.1. For each n E N let A™ — {/ E V'(R) | / = F^ for some F E 
B c }, with A\ \= A c - If / e define ||/|| (n) = \\F'\\ = sup x<y \F(x ) - F(y)\ 
where F E B c is the unique primitive of /. 

It is clear that ||-||( n ) is a norm on A™ and this makes A": into a Banach space 
that is isometrically isomorphic to B c . 

Definition 4.2. Let J\fBV be the functions in BV that are right continuous 
on R, i.e., g E BV and lim y ^. x + g(y) = g(x) for each x E (— 00 , 00 ). Define 
XBV° = MBV. Suppose XBV n ~ l is known for n E N. Define XBV n = {h:R -> 
R | h(x) = f Q ' : q(t) dt for some q E XBV n ~ 1 }. 

This inductive definition defines the multipliers for integration in A™. Each 
function in h E XBV n is an n-folcl iterated integral of a unique function g E 
MBV. We write this as h = / n ~ 1 [g] . See [25], Proposition 2.5 and the remark 
following. Note that hf k \ 0) = 0 for 0 < k < n — 2. Now we can dehne the 
integral of the product of a distribution in A" and a function in XBV n ~ l . 


Definition 4.3. Let n E N. For / E A” let F be its primitive in B c . For 
h E X BV n ~ l such that h = I n ~ l [g\ for g E MBV , define the continuous primitive 
integral of / with respect to h as 


/ CO 

fh 

-CO 

(4.2) 


F^h = (-I )"” 1 / F’lM~ l) 


(-l)^F(oo)^(oo) - (- 1 ) 


71—1 


F(x) dg(x). 


Note that F' E A c and E BV so that the last integral in (4.1) is 

integration in A c as in Section 2. It is shown in [25, Proposition 2.10] that if P 
is a polynomial of degree at most n — 2 then f ’ fP = 0. Hence, the iterated 
integrals defining h can have any point a E R as their lower limit and h^ would 
vanish at a for 0 < k < n — 2 and not necessarily at 0 . 

The Holder inequality now takes the following form. 

Proposition 4.4. Let f E A^ with primitive F E B c . Let h E XBV n 1 such 
that h = / n-1 [cjf] for g E MBV. Then 

inf|g| + \\F'\\Vg < ||/|| (n) [inf|h (n - 1) | + Vh^-% 



Every derivative of the heat kernel is a function of bounded variation vanishing 
at ± 00 . Hence, if f E A” then / * (~) t exists. This leads to similar results as in 
Theorem 3.1. 
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Lemma 4.5. Let n G N. Then Q{“\x ) = (—2 y/t) n Q t (x)H n (x/(f2y/t)) <md 
= || 0 ^ ||i < c n t~ n/2 where 


Cn 




e~ x2 \H n (x)\dx < kVri. 2 (1 ~ n ^ 2 


and H n is the nth order Hermite polynomial. It is known that k < 1.087. 


Proof. This follows from the Rodrigues formula for Hermite polynomials [11, 
8.950.1] and Cramer’s inequality for Hermite polynomials [11, 8.954.2], □ 


Theorem 4.6. Let n> 2 arid let f G Af. Let the primitive of f be F G B c . 

(a) The integrals f * Q t (x) = Q t * f(x) = F * Q[ n \x) — [F * 0 t ]^(x) exist 
for each igR and t > 0 . 

(b) f * Q t (x) is C°° for (x, t) G R x (0, oo). 

(c) Let c n be as in Lemma f.5 then ||/*0t||oo < c n \\f\\^ n H~ n ^ 2 . The exponent 
on t cannot be changed. 

(d) Define the linear operator : Af —>■ C'(M) by $ t (/) = f * Q t . Then 

\m\<c n r n/2 . 

(e) lim^i^oo f * Q t (x) = 0. 

(f) For eacht > 0, /*@ t G A n c and the inequality \\f*Qt\\ < ' n ' > < ||/||^ is sharp 
in the sense that the coefficient of ||/||^ cannot be reduced. Define the 
linear operator T t : A™ —» AP C by^ t {f) = f*Q t . Then |||| = 1 . For each 
integer 0 < k < n, f * 0 t G A* and \\f * 0 t ||( fc ) < ||F / ||c n _fc+it^ n_fc+1 ^ 2 . 

(g) Let u(x, t ) = f*Q t (x) then u is a solution of (1.1)-(1.2) and \\u t —f\\^ —* 
0 as t —* 0 + . 

(h) For each t > 0 we have f * Qt = 0. 

(i) For each t > 0, f * 9 t (x) is real analytic as a function of x G R. For each 
iGl, f * Ot(x) is real analytic as a function of t > 0. 


Proof. From (4.1) we get / * O t (x) = F' * Q{' 1 ^(x). This then reduces the 
convolution of / with 0 f in Af to convolution of F' with @j" ^ in A c . Now 
using Definition 4.1, the corresponding results of Theorem 3.1 apply, (a) A 
linear change of variables theorem is proved in [25, Theorem 3.4], This shows 
the convolution commutes, (c) We have 


11 /* © 


/ 11 OO 


= II F 


* 0 h 


oo = sup 


n«e A 


X 




< 


(n) ||©i n) | 


Now use Lemma 4.5. Let s > 0 and take f(x) 


Qi n ~ 1 \x). Then 


(—1 ) n ~ 1 

f * e, 0 ) = [ 0 ,+Ji"- 1 ))*) = 1 

Let a„GR such that H n -i (a n ) / 0. Then 
11/ * 0t||oo > If * Ot( 2 aWs + t)\ 


Q s+t (x)H n - 1 (x/(2 y /s + 1)) 
2 n ~ 1 (s + 1)^- 1 )/ 2 


exp(—alfH n _i(a n ) 
2 n y / 7 T (s + t) n D 
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Letting s —» 0 shows the exponent on t cannot be changed, (e) Using Lemma 4.5, 
dominated convergence gives 

/ OO POO 

F(z-£)0j n) (£)d£ = F(too) / ©i n) (£)d£ = 0. 


£—>-dioo 


rr—>-=Loo 


(f) To show the inequality is sharp let / = ©i" Note that for each integer 
k < n we have F*Q\ n ~ k ' ) G U(R). And, f *®t — (F*Qf~ k )^ G (h) Similar 
analysis as in the proof of Theorem 3.1 shows 
f/3 roo p/3 

/ f*Q t (x)dx = / F'(f) / ©J n_1) (x - f) ohd£ 

a J — oo J a 

/ OO 

[F(/3-{)-F(o-0]ej"- 1| K)rf{. 


Dominated convergence then gives 


f *<d t (x)dx = F( oo) / ©J n 1} (O^ = 0. 


Remark 4.7 (Theorem 4.6). (c) The sharp constant is not known for n > 2. 

Examples 4.8. (a) Let w be a bounded continuous function such that the 
pointwise derivative u/(x) exists for no x. Dehne Fi(x) = w(x) exp(—|x|) then 
Fi G B c . For n > 1, F^ n) has pointwise values nowhere and yet f\"' > * Q t is wcll- 
dehned as an integral in A™ and dehnes a smooth solution of the heat equation, 
taking on initial values in the norm ||-||( n ), as in Theorem 4.6. Note that as a 
Lebesgue integral f\"' > * (~) t does not exist. 

(b) Neither the Dirac distribution nor any of its derivatives are in *4." [25, 
Proposition 3.1]. However, some linear combinations of the Dirac distribution 
are in A™. Dehne F 2 (x) — 0 for x < 0, F 2 (x) — x for 0 < x < 1, F 2 (x) = 1 for 
x > 1. Then F 2 G B c . Let 5 a = r a 5, the Dirac distribution supported at a G I, 
with <5o = 5. Then n(x) = H(x) — H(x — 1) where FI is the Heaviside step 
function. For n > 2 we get F^ = 5 < ' n ~ 2 ' 1 — Aj” 2 ' ) G A". A solution of the heat 
equation is then given using Lemma 4.5 

u(x,t) = F^ * ® t (x) = ®^ n ~ 2 \x) — 0[ n ~ 2 \x — 1 ) 

= (— 2 Vt)- (n ~ 2) O t (x)H n _ 2 - ®t(x - l)Xn -2 ■ 

And, \\u t — F 2 (n) ||( n ) —» 0 as t —» 0 + . 

(c) Fix a > 0. Let p a (x) = x a and q(x) = exp(— x). Dehne F 3 = Hp a q G B c . 
The pointwise derivative satishes F^ n \x) ~ a (a — 1) • • • (a — n + l)x a ~ n as 
x —> 0 + . Hence, for each n G N we have F^ G A™ and for n > a + 1 we have 
F^ qL Lj oc . Although F^ need not be locally integrable in the Lebesgue (or 
Henstock-Kurzweil) sense, F^ l> *(~) f gives a smooth solution of the heat equation, 
taking on initial values in the norm ||-||^, as in Theorem 4.6. 
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Proposition 4.9. Let c n be as in Lemma f.5. 

(a) Let f G A™ with primitive F G BV fl B c . Then V(f*Q t ) < VF ||©|" ) ||i = 
c n VFt ~ n / 2 . 

(b) Let f G AT, with compact support in \A , B}. Then V(f* 0 t ) < 
\\f\\ {n) [c n t~ n/2 + (B- A)c n+1 t~ in+1)/2 . 

(c) /// = fW where F G AC H BV then V{f*Q t ) < c n ||F'||i t~ n / 2 . 

(d) Let f G A™ and let u(x,t ) — u t (x) — f * O t (x). For t > 0 the point- 

wise derivatives have estimates < ||/||( n )p 0 t = \\f\\^/V^i, 

\\du(;t)/dt\\w = |K|| (n) < \\f\\ {n) ve>[ = \\f\\^V 2 /(V^t), ikiu < 
ll/ll (n) ^0j n) = c n+1 1|/|| (n) r (n+1)/2 ; \\du(- 1 t)/dt\\ 00 = |K|U < 
||/||(0p0[ n+1) = c n+2 ||/||( n) r0 +2 )/ 2 . 

Proof. Using Theorem 4.6, the proof is similar to the proof of Proposition 3.7. □ 

5. Weighted spaces 

The minimal condition for existence of the convolution / * O t (x) is that the 
integral f(x)e~ x2 ^ 4r ^ dx exist for some r > 0. Then / * O t (x) exists for 
0 < t < T. 

Let G G B c . Let r > 0 and define ca r (x) = exp(—x 2 /(4 r)). Let F r be the 
unique continuous solution of the Volterra integral equation 

(5.1) G(x) - G(0) = F T (x)u T (x) + [ X F T {t)fa T {t) df. 

J o 

Necessarily, F r (0) = 0. Since the kernel is continuous there is a unique solution 
for F t co t and hence for F T . Uniqueness is proven in [30]. If G, G B c and 

Gi{x) - Gi(Q) = F t (x)u> t (x) + tt / f A0^t( 0 df 

Jo 

for i = 1, 2 then G\(x) — G 2 (x) = Gi(0) — G 2 (0) so G\ — G 2 G B c but is constant 
so G\ = G 2 . Hence, there is a one-to-one correspondence between F r and G in 

(5.1) . We then have the following definitions for a family of weighted Alexiewicz 
spaces. 

Definition 5.1. Let r > 0. Define w T : 1 -> 1 by u; T (x) = e~ x2 ^ Ar \ Let 
B c ,t = {F t G G(R) | F t is a solution of (5.1) for some G G B c }. For F r G £> CjT 
define ||F T || T)00 = HGH^ where G is the unique function in (5.1). Define A C , T — 
{/ G V'(R) j f = F' t for some F T G B C , T }. For / G A c , r define ||/|| T = ||F r || T)0 o 
where F r is the unique primitive of /. 

For the definition to be meaningful we still need to show distributions in 
A c ,t have a unique primitive in B c , r . Suppose / G A c , r and f — F[ — F' 2 for 
F \, F 2 G B C)T . As before, F\ — F 2 = c = constant. There are unique G* G B c such 
that 

Gi(x) - G t { 0) = Fi(x)uj T (x) + lL F*(£)£u; r (£) df 

for i = 1, 2. Integrating shows G i(x) — G 2 (x) — Gi(0) + G2(0) = cu> T ( 0). Putting 
x = 0 shows c = 0. 
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The A C , T spaces are Banach spaces under a weighted Alexiewicz norm. A 
property that makes them somewhat delicate to work with is that they are not 
closed under translations. 


Theorem 5.2. Let r > 0. 

(a) B C , T is a Banach space isometrically isomorphic to B c . 

(b) Act is a Banach space isometrically isomorphic to A c . 

(c) f G A c r if and only if fu T G A c . 

(d) If f E A c ,r then \\f\\ T = \\fu T \\. 

(e) For each r > 0, A c C A c , r - 

(f) 0 < r < s if and only if A c , s £ A c , r ■ 

(g) If f G A c ,t and F(x) = f*f then \F(x)\ < ||/|| T e a;2/ h 4r ) for all x G M. 
And, F(x) = 0 ( e a;2 /( 4r )) as |x| —>■ oo. 

(h) If 0 < r < s then A c , s is a dense subspace of A c>r - 

(i) If 0 < r < s then \\f ’\\ r < 2\\f\\ s for each f G A c , s . 

(j) Define L l {tjj T ) = {/ G Lj oc \ fu> T G L 1 }. Then L l fjj r ) is dense in A C)T . 

(k) A C)T is not closed under translation. 


Proof, (a) Using the uniqueness for Volterra integral equations, (5.1) defines a 
linear isometry between B c and B CjT . (b) Follows from the uniqueness of primi¬ 
tives proven above, (c) Let F r G B C)T . Then F T G (7(M) so F' T is integrable on 
compact intervals. From (5.1) let G be the corresponding function in B c . We 
have 

1 I*X f*X f*X 

G(x) - G(0) = F t {x) u t (x) + — J ^ F T (Z)fa T (Z) df = j^ G' = J F' t uj t . 

Therefore, G' = F' t oj t as elements in A c . The isometry between A c and A C , T is 
then given by A C , T 3 / GA foj T G A c . If / G A C)T then fu> T G A c with primitive 
F(x) = ff,^ fio T . The product foj T is well-defined via (fu T , f>) = (/, f>u> T ) for 
each f> G D(M) since the integral f™ (fu} T )<f> exists, (d) 


sup \G{x) — G(y )| = sup 

x<y %<y 


rv 


rv 

/ G' 

= sup 

/ Ffr r 

J X 

x<y 

J X 


II fu T 


(e) Since u T G BV, if / G A c then fu T G A c so A c C A c , r - (f) Suppose 
0 < r < s. Let / G A c , s - Then fu> s G A c . And, fu r = ( fu> s )(uj r /uj s ). 
The function uj r /uj s G BV so / G A c , r - The examples given below show the 
set inclusions in (e) and (f) are proper. Suppose r > s > 0. The function 
f(x) = exp(x 2 /(4r)) is in A c , s but not in A c , r - The case r — s is trivial, (g) 
Suppose x > 0. Write exp(— x 2 /(At))F( x) = [/(£)o; T (£)] g x (£) d£ where 

g x (0 = e (? 2 _a; 2 )/( 4 r) X[o, a; ](0- Note that lim^^ g x (£) = 0 for each (Gl and the 
variation of g x on M is 1. The Holder inequality (2.3) gives the first estimate. By 
Theorem 2.1 we have F(x) = o(exp(x 2 /(4r)) as x —> oo. Similarly as x —» — oo. 
(h) Given / G A c , r let f n = fx(-n,n)- Then {f n } C A c , s - Let a < /?. Then 
f X(a,/3) e Ac,r and fuj T X{aP) £ A c SO 



f^rX{pL$) I f^rX(a,(3) 


'OO 
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and 11/ - f n \\r < ||/wrX(-oo,-n)|| + 11 M-X(n,oo) II 0 as n ->■ oo. (i) The Holder 
inequality (2.3) gives 




< 2 ||/|| 


(j) Let e > 0. Let / G A C>T . Define F(x) = fuj r . Then F G B c . Note that 
the primitives of L 1 functions are given by AC fl BV. Since L 1 is dense in A c 
([23, Proposition 3.3]) there is G G AC fl BV such that ||F — G||oo < e. Now let 
g = G'/uj t . As 1 /cj t is locally bounded we have g G Lj oc . Hence, g G L 1 {uj t ). 
And, ||/ — g\\ T < 2||F — GHoo < 2e. (k) Let f(x) = [( x 2 + l)ta T (a;)]^ 1 . Then 
/ G A C)T . But f(x + l)c o r (x) = exp(x/[2r]) exp(l/[4r])[(x + l ) 2 + 1 ] _1 so this 
translation is not in A C:T . □ 


This shows that all of the spaces B c , A c , A/, A C . T , B c ,t are isometrically 
isomorphic. 

If a > 0 then f(x) = exp (a; 2 / (4a)) G A CjT if and only if a > t. This shows that 
the distributions in A C)T need not be tempered. And, g(x) = exp( / S|x| 7 ) G A C)T 
for all r > 0 and all f3 G M if and only if 0 < 7 < 2. For each r > 0 every 
polynomial is in A CyT . The Holder inequality shows that L p C A c , r for each 
1 < p < 00. Similarly for weighted L p spaces. Let a > 0 and L p {tjj a ) (1 < p < 00 ) 
be the Lebesgue measurable functions for which J^° oo \f(x)\ p uj (r (x) dx exists. The 
Holder inequality shows L p (uj a ) C A CjT for all t < pa when 1 < p < 00 and 
i x K) c A C) r for all t < a . 

Now we look at analogues of Theorem 3.1 in weighted spaces. Proofs are 
similar to the corresponding parts of that theorem except as where noted. 


Theorem 5.3. Let r>0, 0<t<r and f G A C , T ■ Let the primitive of f be 
F G C(R). 

(a) The integrals f * Q t (x) = Q t * f(x) = F * Q' t (x) = [F * ©/'(x) exist for 
each igR and 0 < t < r. 

(b) f * is C°° for (x, t) G R x (0, r). 

(c) Let 0 < t < a < t. For each x G R, \f * ©t(a;)| < \\f\\a exp(x 2 /[4(cr — 

t)})/(2\Art). Let 0 < t < t — a. The estimate ||(/ * © t )cu cr || 00 < 
||/|| T /( 2 v / 7 rt) is sharp in the sense that the coefficient of \\f\\ T cannot 
be reduced. 

(d) Let a > t and let G(ta cr ,M) be the Banach space of continuous functions 

with the norm IlFcUo-Hoo. Define the linear operator & t :A CtT — > R) 

by <F t (/) = / * 0 f . Then ||<E> t || = 1/(2 v / 7t t). 

(e) f * Q t (x) = o(exp(x 2 /(4[r — t ])) as |x| —> cxd. 

(f) Let 0 < a < t and 0 < t < t — a. Then f * 0 t G A c , a and \\f * ©tllo- < 
VT r — a)/(r — a — t)||/|| CT . Define the linear operator : A CtCr —> A c , a 
by ^ t (f) = f*Q t . Then ||T t || = sj {r - <r)/(r - a - t). 

(g) Let u(x, t) — f * F>t(x) then u G C 2 (R) x G 1 ((0, r)) and u is a solution of 

the heat equation in this region. Let 0 < a < r. Then linp_> 0 + ||m< —/|| CT = 

0. (h) Let 0 < a < t and 0 < t < t — a. Then ///. / * <d t (x)Q a (x) dx = 
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(i) Let 0 < t < r — a. Then ||/*@ t || CT < \f &{t — t)/[t(r — a — f)]||/|| T . Now 
consider V t '■ A C , T — > A c . a , as the restriction of the operator defined in 
part (f) to the subspace A C)T . Then ||\Eh|| < y/a(r-t)/[t(T-a-t)\. 

(j) For each 0 < t < r, f * 9 t (x) is real analytic as a function o/i6 K. For 
each x e R, f * Ot(x) is real analytic as a function ofO<t<r. 


Proof, (a) This follows from the fact that for each x G R and each 0 < t < t 
the function £ ha (-) t (x — £)/uv £ 13V. The estimate in Theorem 5.2(g) allows 
integration by parts. Taylor’s theorem shows that [F * @ t ]'(x) = F' * ®t(x). (b) 
Similar to Theorem 3.1(b). (c) Write 

poo 

f * Q t (x) = / [/(£)w<r(£)] [0i(x - £)Aw(£)] rf £. 


The function £ ha 0 t (x — £)/uv(£) is increasing on (—oo,ax/(a — t)] and de¬ 
creasing on [ax/{a — t ), oo). Using the second mean value theorem for integrals 
as in Theorem 3.1(c) we have, 


(5.2) 


/ * O t (x) 


O t (x - ax/(a - t)) F 2 _ F 2 

u ff (ax/(a-t)) J X1 W,T 2 y/nt J Xl 


where now X\ < ax/(a — t) and x 2 > ax/(a — t). This gives the first inequality. 
Also, |/ * 0((a;)a; o -(a;)| < exp(a; 2 /[4(r — t)]) exp(—x 2 /[4cr])||/|| T /(2v / vrt) and the 
second inequality follows. Using (2.4)-(2.6), the example f = Q s and the limit 
s —y (U shows the estimate is sharp, (d) This follows from (c). (e) Write 


e -*M T -t])f*Q t (x) = 


2 y/ni J -c 


[/(0w(£)] 


e -U-?) 2 /(4i) e ? 2 /(4r) e -a; 2 /(4[r-t]) 


df. 


The function £ ha exp(— (x — £) 2 /(4f)) exp(£ 2 /(4r)) exp(—x 2 /(4 [r — t])) has vari¬ 
ation as a function of £ equal to 2. ft has limit 0 as |x| -A oo. The result follows 
by Theorem 2.1. (f) Let 0 < t < r — a and —oo < a < (3 < oo. From (a) 


(5.3) / / * <d t {x)uJa(x) dx = 


(5.4) 


(3 poo 



f(x- £) 0 t(£)o; (T (x) dfdx 


' a J —OO 

r/3 poo 



/(£)©t(® - Ov<r(x) dfdx 


' OL J —OO 

f* oo 


(5.5) 


r f (<-\ f p Q t {x-i)u a {x) ^ 

[/(£)Wr(£)] / - Tc\ - dX(I S' 

J a to ) 


We can interchange orders of integration in (5.5) since the function £ ha Qt(x — 
has variation exp(x 2 /[4(r — f)[)exp(— x 2 /[Act])/yirt. The condi¬ 
tions of [23, Proposition A.3] are then satisfied. Now consider 


(5.6) 

(5.7) 


poo p/3 


f(x - £) 0 i(£Vo-(^) dxdf 


' —oo J a 


©t(£) / [f( X )^r{x)'. 


A a (x + £) 

UJ T (x) 


X(o/—£,f 3 —s,) (x) dx d£. 
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The change of variables is justified by [22, Theorem 11], Note that I4 £ r [u a {x + 
g)/u T {x)\ = exp(£ 2 /[4(r - a)]). Use the inequality V(gh) < VgWhW^ + \\g\\ooVh 
with g(x) = oj a {x + £)/ co T (x) and h(x) = X(a-z,p-£)( x ) to see that the conditions 
of [23, Proposition A.3] are satisfied. We then have equality between (5.3) and 
(5.7), upon interchanging orders of integration in (5.7) and changing variables. 
This gives 

p(3 poo poo 

/ f*Q t (x)u t r{x)dx= 0t(O / [f{x-£)u <T {x-£)x( a ,i3)(x)]il>(x)d x d£, 

Ja '7—00 '7—00 


where ^(x) = oj a (x)/co T (x — £). Note that has a maximum at — ct£/(t — a ). 
Using the second mean value theorem as in Theorem 3.1(c), there are X\ < 
—/(t — a) < X 2 such that 


(5.8) 


/ * 9t(x)<j a (x) dx 

roo 

G t (Z)e* a/WT - ff)] 


f(x - £)Ua{x - 0 dxdi 


< 


J ( xi,X2)C\(a,(3 ) 

Q t (0e e/l4{T ~ a)] d£ = 


t — a 
T — cr — t 


This also shows the limits exist as a —» — oo and (3 —> oo. Hence, / *0 ( e A c , a - 
If we let / = e_s for s > r we get / * © t = ©t- s , ||/|U = \ /a /( s ~ a ) and 
11/ * ©ilU — \f a /{ s ~ ° ~ t)- Letting s —> r + shows the estimate is sharp and 
gives the norm of \Eq. (g) Since we can differentiate under the integral sign, u is 
a solution of the heat equation in M x (0, r). To show the initial conditions are 
taken on in the weighted norm, use the equality between (5.3) and (5.7). This 
gives 


r*/3 poo pj3 

[f * G t (x) - f(x)]uj a (x) dx= ©t(0 / [f(x - 0 - f(x)]u a (x) dx d£. 


Write 


[f(x - 0 - f(x)]w<r(x) dx = /i(0 - HO + HO 


HO = 

pa. 

/ f(x)u a (x + £) dx 


Ja-i 


rP 

HO = 

/ f(x)uj a (x + 0 dx 


Jp-Z 


fP 

HO = 

/ f(x)[u a (x + 0 - U a (x)} dx 

J a 


where 
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Now show integrals of A, I 2 , I 3 against @ t (£) tend to 0 as t —» 0 + , uniformly in 
a and (3. Let F T (x) = J* fu> T . Use the Holder inequality (2.3) to get 

@ t (£)sup max \F r (y) — F T (z)\e^ 2 ^ 4( - T ~ CT ^ dC, 
aeK [<*-£><*] 

— y 0 as t — y 0 + 

since F r is uniformly continuous on M and (~) f is a summability kernel (approxi¬ 
mate identity). Similarly, for £ < 0. Similarly, for I 2 . And, 

dx. 

Dominated convergence allows us to take the limit £ —» 0 under the integral sign 
to get 7 3 (£) —y 0. Using (5.3), (5.7), (2.4) we have 

/ OO 

e*(01|/(- - 0 - /(-) Her de 

-00 

and ||/(- — £) — /(-)|| CT is continuous at £ = 0. But, (~) t is a summability kernel 
so limt_>o+||u( — f\\ a = 0. (h) The calculation following (5.5) shows that 

/ oo poo POO 

f*O t (x)O a (x)dx= /(£)0t * 0*(£) d£ = / /(£)0*+ t (O d£- 

-00 J —00 J —OO 

(i) We can write 

/A /A r 00 r 0 .(' T _tr 

/ f * Q t (x)uj a (x) dx = / / [/(£)w t (£)] . d^u a (x)dx. 

Jot Jot 7—oo . kh\S/ 

Now use (5.2) to get 


(j) See Theorem 10.2.1, Theorem 10.3.1 in [5] and the proof of Theorem 3.1 (j). 
Part (g) of Theorem 5.2 gives the necessary growth condition on F. □ 

Note that in (f) the coefficient remains bounded as t — y 0 + but not so in (i). 
This will be important for uniqueness Theorem 6.6 below. 




‘IJtuJ'Jt -te t _ T * @<,( 0 )||/||. 


I £t(t — t ) 
t{r — a — t) 


|7 3 |(£) < 2||F r 


d uj a (x + £) - uj a (x 
dx oj t {x) 


0 *(£)|/i|(£)d£ < 


Examples 5.4. (a) If / e A C , T then f * © t need not be in A C , T ■ Let f(x) = 
l/[(x 2 + l)tu T (a;)]. Since / > 0, for each t > 0 the Fubini-Tonelli theorem gives 


11 /*©* 



Q t (x-£)u T (x) 
J- oo a; r(£)(£ 2 + l) 


<7£ dx = 



@t * ©r(£) 7£ 


= 2VTT J 


00 e^ 2 /( 4 r ) 0 t+T (£) 
-oo £ 2 + 1 


< 7 £ = 00. 


(b) Let s > t and take / = @_ s . Then / e «4 C)T and for 0 < t < s formula 
(2.5) gives / * O t (x) = O t _ s (x) = exp(a: 2 /[4(s — t)])— t)}. Note that 
if 0 < a < s then / * Q t e A CtCr if and only if 0 < t < s — cr. In particular, 
/ * Q t £ A C , T if and only if 0 < t < s — t. 
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(c) Let z be a complex number. If f{x) = exp (izx) then we get the plane 
wave solution / * 0 t (x) = e lzx ~ z t (c.f. [16, p. 207]). For all complex z, both / 
and f * ®t are in -4c,r for all r > 0 . 

(d) If / is a polynomial of degree n then f * Q t is a polynomial in x and t of 
degree n in x and degree |_rz/2j in t. To see this let p n (x) = x n . The binomial 
theorem followed by basic gamma function identities then give 


Pn * O t (x) 




i m e- e dt 


y^ J n\x n n t l 

h (n-2e)W. 


(■iVt) n H n (x/[2iVt ]). 


The last line comes from the explicit form of the Hermite polynomial. See [11, 
8.950.2], For example, p 3 * 0 t (x) = x 3 + 6 xt. In the literature these are called 
heat polynomials [29]. For each polynomial / we have / * G A C , T for each 
r > 0. This also gives H n *Q t (x ) = (1 — A£) n ! 2 H n (x/\Jl — At). The above quoted 
formula shows this is valid for all t > 0 . 

(e) If we take g(x) = <9exp(hr 2 /(4,s))/<9,s = — ix 2 exp(ix 2 /(4s))/(4s 2 ). Then 
we can get g * @ t by differentiating the solution in (3.3). Note that g G A c , r for 
each r > 0 . 

(f) Let p be a polynomial, a > 0, b G M, 0 < 7 < 1. Define f(x) = 

p(x) exp(x 2 /(4a) + 6 |x| 7 ). Let 0 < r < a. Writing G(x) = /(£)uy(£) d£ 

dehnes G G B c . Since G’ = fu T we have / G A C , T - 


Proposition 5.5. Let 0 < o < r and 0 < t < t — cr. Let f G A c , r and 
u(x, t) = f * Q t (x). Then \\u' t \\ a < (r — a)/[\/7ri (r — cr — t)}; 


\\du(-,t)/dt\\ a 



(r — <r ) 3//2 ^ \Jt — cr 

_(r — cr — f ) 3 / 2 a/t — cr — t_ 


H(x)\ < - 

Proof. As in (5.8), 
r& 

f * 0' t {x)u c {x) dx 


?X 2 /i(o-t) 


\/(J — t 


1 

- + 


X 


t 2 a/vT(t((T — t)t 


< ll/IU / |e;(0k 


4 2 /l 4 ( t - < t)1 = T a 


yjnt (r — a — t) 


Similarly, 


/ * 0 " (x)u a (x) dx 


< 


< 


' —OO 
/»oo 


2 1 


|0"(OI^ 2/[4(t - ct)] df 

0 t (Oe« 2/[4(T -fo ] ^ + 1 ) de 

(r — u ) 3 / 2 a/t — a 


2 1 [ (r — <7 — f) 3 / 2 yV — a — t 
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As in the proof of Theorem 5.3(c), 


W't(x )| < WfllaV^m 


e ;(*-0 

MO 


Note that 


v f 


MO 


40 rt 3 / 2 J_ 

e 


e —(^—^) 2 /( 4 *) e € 2 /(4cr) 


(^-x ) 2 _ x _ f(f-a;) 


21 


2a 


df 


x 2 /{4[<7-t])^ poo 


2s + XSa 


a(a — t ) 


ds, 


20t((7 — t)t 7-oo 

upon completing the square. □ 

An inequality for \du(x,t)/dt\ = |0(:r)| can be proved in the same manner. 


6. Uniqueness 

The example u(x,t ) = S' * O t (x) = 0' t (x) = — xexp(—;r 2 /(4f))/(40 : f 3//2 ) 
shows that the heat equation need not have a unique solution, since u(x, 0 ) = 0 
for all x. Uniqueness can be obtained by imposing a boundedness condition on 
norms of solutions. We prove uniqueness by reducing to one of the two classical 
theorems. 

Theorem 6.1. Let u G C 2 (M) x C' 1 ((0,oo)) such that u G C(M x [0, oo)), 
Mu = 0 in Mx ( 0 , oo), u is bounded, u(x, 0 ) = f(x) for a bounded continuous 
function /:R —> M. Then the unique solution is given by u t (x) = f * 0 t (x). 

Theorem 6.2. Letr > 0. Let u G C 2 (R) xC' 1 ((0, r)) such that u G U(Mx [0, r)), 
U 2 — Mu = 0 in M x (0, r), \u(x,t)\ < Ae Bx for some constants A, B and all 
(x,t) gKx [0 , t), u(x, 0) = f(x) for a continuous function /:M—>■ M satisfying 
| f(x)\ < Ae Bx2 . Then the unique solution is given by u t (x) = f *Q t (x). 

The second theorem is due to Tychonoff. Widder provides a proof in [28] and 
also discusses various related results: Tacklind’s generalisation of the allowed 
exponent and a uniqueness condition for non-negative solutions. See also [29]. 

For uniqueness in A c , A™, or A C)T , pointwise conditions are not applicable. 
However, we obtain a uniqueness condition by requiring boundedness of the 
solution in the Alexiewicz norm. We use a method similar to that used by 
Hirschman and Widder in proving uniqueness under an L p norm condition [14, 
Theorem 9.2], 

Theorem 6.3 (Uniqueness in A c ). Let u G U 2 (M) x C' 1 ((0, oo)) such that u 2 — 
«ii = 0 in M x (0, oo), ||tt t || is bounded, lim f _> 0 +||w t — f\\ = 0 for some f G A c . 
The unique solution is then given by u t {x) — f *Q t (x). 

Proof. From Theorem 3.1 we see that / * Q t satisfies the hypotheses. 

If u and v are two solutions, let h — u — v. Then h G C' 2 (M) x C' 1 ((0, oo)), 
h -2 — hu = 0 in R x (0, oo), ||/q|| is bounded, lim f _^ 0 +||/i t || = 0. Let y,t > 0 and 
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let ifr y (x, t ) 

difry (x,t) 

dt 


(2 y)-'J^h,(OdC Then 

±_ r« dh((,t) 1 

2 » Ji -y St 2 ; l J 


j'x+y 

x-y 




And, 


M(a + ?/)-/4(a-?/) 
2 y 


d 2 ifr y (x,t) d h(x + y,t) — h(x — y,t) hi(x + y,t) — hi(x — y,t) 

dx 2 dx 2 y 2 y 

Hence, ifr y G C 2 (M) xC 1 ((0, oo)) and is a solution of the heat equation. Note that 
\ifr y (x,t)\ < \\h t \\/(2y). It then follows that ifr y is bounded for (x, t) G K x (0, oo) 
and tends to 0 as t —> 0 + . Define ifr y (x, 0) = 0. Let x G M and (a,/?) G 
M x (0, oo). Then |^j,(x, 0) —ifr y (a,/3) \ < ||/ig||/(2i/) —> 0 as (a, {3) —> (x, 0). 
Hence, ifr y G C(M x [0, oo)). By Theorem 6.1 we have ifr y = 0 for each y > 0. By 
the continuity of h we get lim y ^. 0 + t) = 0 = h(x, t). □ 

Lemma 6.4. Let n G N. Let # n (x) = Y2=o ©( _ 1 ) fc X(a fc .a fc+1 )(^) ; where ay. = 
k/{n + 1). Define G n {x ) = J x • • • fy l+1 ■ ■ • J^ 2 g n (x i) dxi... dx;... dx n . Then 
G n G C n- 1 ([0,1]), G n (x) = 0(x n ) as x —>• 0 + , G n (x) = 0((x — l) n ) as x —» 1“ 
and G n > 0 on (0,1). 


Proof. The definition shows G n G C' n_ 1 ([0,1]). 

We have G n (x) = [(n — 1 )!] _1 / Q r (x — Xi) n_1 c/ n (xi)<ixi. To prove that > 0 
it suffices to evaluate at each a*,. Hence, 


1 . 1 fri \ f ak+ 1 

G n (a l+ 1 ) = — _ ^ f k j(~l) fc / (a i+ i - xi ) n_1 dxi 

2- fc=0 V / Ja k 

A(n, /) 
n!(n + l) n ’ 

where A(n, /) is the Eulerian number of the first kind. Combinatoric arguments 
show these are positive for 0 < l < n and that A(n,n) = 0 . See, for example, 
[ 12 ]- 

It is clear that 


lim 

£—> 0 + 



lim 

a;—>0+ 


Girp 

n! 


^n(0 + ) _ 1 

n! n! 


Note that 1-t/G (a fc ,a fc+ i) if and only if y G (a n _ fc , a n _ k+1 ). So, g n ( 1 - y) = 
(—l) n g n (i/). A change of variables then shows 


G n (l 


x) = G n (x) + 


(-l) n 

(n — 1 )! 


(y ~ x) n g n (y ) 


( 6 . 1 ) 


o 
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1,1 /, n \ /■“fc+i 

(y - z) n “ V(y) dy = XI ( t)( _1 ) / (y-^) n_1 dy 

) z—n W Ja k 


(~l) w+1 /n + 1 

n(n + l) n I k 

v ’ fc =0 v 

1 ^ /n\ (— x) n ~ 
n ^ \m J (n + 1 ) 


(— l) k [(n + l)x — k}' 


n\ {—x) r 


- n+l,m) 


where T n}m = ()() (— 1 ) k k m . (The term k m is dehned to be 1 when k — m — 

0 .) Let S n (x) = (1 - x) n = Y2 =o {k )(~ 1 ) kxk ■ Then 

S<r>(l) = o = Y, (") (-1 fk(k - 1)... (feV m + 1) 

for 0 < m < n — 1. It follows that T nm is a linear combination of Sn\ 1) for 
0 < p < m. Hence, T n . rn = 0 (0 < m < n — 1). From (6.1) and (6.2) we see that 
G n ( 1 — x) — G n (x). This gives the order relation as x —» 1 _ . 

□ 

Theorem 6.5 (Uniqueness in A™)- Let n> 2. Let u G (7 2 (M) x C 1 ((0, oo)) such 
that U 2 — Mu = 0 in M x ( 0 , oo), ||mi||^ is bounded, lim t ^. 0 +||M t — /||bd = 0 for 
some f G Af. The unique solution is then given by u t (x) = f * ©t(x). 

Proof. Theorem 4.6(a),(b),(f),(g) show that / * © t satisfies the hypotheses. The 
other part of the proof is similar to that of Theorem 6.3. Use the same notation 
for h t . From Lemma 6.4, the function f H- G n _i((£ - x + y) / (2y))x(x-y,x+v){i) 
is in TBV n ~ l (Definition 4.1). Since h t G A] the integral 

1 r°° ( t x — y\ 

1py(x,t) = 7 — J G n -1 — J X(x-y,x+y)(£,)ht(0 df 


2 y J x — y 

exists. Integrating by parts gives 
dip y (x,t) _ l_ 

9t 2 y J x _. 


2yJ_ 00 y 2y ) 

i r +y r (1 x ~ y 

2 y Jx-v nl V 2 y 2 y 


ht{Z)d£ 


G n -1 


Z x — y\ dh(£, t) 


r x+y r , (L 

Jx-y n_1 \ 2 y 


2 y 2 y J 

( £_ _ x ~y 

- 1 V 2 y 2 y 


h'M)di. 


8 2 i>y(X,t) 


" x+v r" (Z x ~ y \ 

v-y n_1 \ 2 y 2 y ) 

f x+y r , (Z x -y 
J x -y n_1 V 2 y 2 y 


htfOdf 
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so that ipy is a solution of the heat equation. From Proposition 4.4, 


iagmii < 


lift. II 1 "’ 

(2t/) 


„ il + W-1 


II ft. II 1 " 1 

y" 


—t 0 as t —t (U 


For hxed y > 0, ij) y can then be continuously extended to vanish on t — 0. 
Theorem 6.1 shows if y = 0. Let (x,t) G M x (0, oo). Since h t is continuous 
and G„_i > 0 in (0,1) the mean value theorem for integrals shows there is 
x* G (x — y, x + y) such that 


lim if v (x,t) = 0 = lim h t (x*) f G n -i(£)d£ = h t (x) 

o+ M y ^o+ J o 

It now follows that h t (x) = 0. 


G„-i(0 d£. 


□ 


Theorem 6.6 (Uniqueness in A C:T ). Let r > 0. Let u G U 2 (M) x C' 1 ((0, r)) such 
that u 2 — u 11 =0 in M x (0, r). Suppose that for each 0 < a < t the quantity 
INIoV r — cr — t is bounded for all 0 < t < r — a and lim t ^. 0 +||u t — f\\ a = 0 for 
some f G A C)T - The unique solution is then given by u t (x) = f * O t (x). 


Proof. Theorem 5.3(a),(b),(f),(g) show that / * 0 t satisfies the hypotheses. The 
other part of the proof is similar to that of Theorem 6.3. Use the same notation. 
As before, h and 'if y are solutions of the heat equation in M x (0, r). Now use 
the Holder inequality (2.3) to get 


\^v(x,t)\ 


1 

2 y 



[^(0^(0] 




IN 

y 


e (x+y) 2 /{Ao) e (x-y) 2 /( 4cr) 


If 0 < y < 1 then \if y (x,t)\ < 2\\h t \\ cr exp(l/a)exp(x 2 /a)/y. Fix 0 < p < t and 
let 0 < a < p. We then have A = 2sup 0<t<r _ p ||h t || cr exp(l/cr)/i/ and B = 1/cr 
in Theorem 6.2. Define ip y (x, 0) = 0. Let x G M and (a,/3) GKx (0,t). Then 
\ipy(x,0) — ip y (a, (3)\ < 2||h /3 || (T exp(l/a) exp(a 2 /a)/y G 0 as (a,/3) —>■ (x,0). 
Hence, ^G^lx [0, t)). By Theorem 6.2 we have if y — 0 on M x [0, r — p) for 
each y > 0. By the continuity of h we get lim y ^ 0 + i/) y (x, t) = 0 = h(x, t ) for each 
(x, t ) G K x (0, r — p). But, 0 < p < a < t were arbitrary so we have h = 0 on 
R x (0, r). □ 
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